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JZajZ[hlZgZ b fZl_fZlbq_kdb h[hkgh\ZgZ gh\Zy wfibjbq_kdZy fh^_ev ^ey

ZiijhdkbfZpbb ijhp_kkZ gZl_dZgby \h^hjh^Z ijb _]h ^bnnmabb q_j_a

f_lZeebq_kdb_ f_f[jZgu. HgZ hlebqZ_lky ijhklhlhc ij_^klZ\e_gby dZd \

bgl_]jZevghf, lZd b \ ^bnn_j_gpbZevghf \b^_ b iha\hey_l k ijb_fe_fhc

lhqghklvx ijhba\h^blv fZl_fZlbq_kdmx h[jZ[hldm j_amevlZlh\

^bnnmabhggh]h wdki_jbf_glZ ijb kbevghc aZrmfe_gghklb baf_jy_fuo

\_ebqbg ^Z\e_gby, \ qZklghklb, jZkkqblu\Zlv dhwnnbpb_glu ^bnnmabb

\h^hjh^Z b \h^hjh^hijhgbpZ_fhklv fZl_jbZeh\.

Dexq_\u_ keh\Z: ^bnnmaby \h^hjh^Z, gZl_dZgb_ \h^hjh^Z, f_f[jZgu, f_lZeeu, kieZ\u,

ZiijhdkbfZpby, fZl_fZlbq_kdh_ fh^_ebjh\Zgb_, nmgdpbhgZevgZy fZl_fZlbq_kdZy aZ\bkbfhklv,

wfibjbq_kdZy fh^_ev.

A NEW FUNCTIONAL MATHEMATICAL DEPENDENCY TYPE ln(1+exp(x)) FOR

THE EMPIRICAL DESCRIPTION OF HYDROGEN INFLOW PROCESS DURING

ITS DIFFUSION THROUGH METAL MEMBRANES

A.A. Semenov, I.G. Lesina, A.S. Anikin, A.V. Lizunov, E.V. Kozlova, O.A. Kucherov,

JSC A.A. Bochvar High-Technology Research Institute of Inorganic Materials, Moscow

A new empirical model for approximating the hydrogen inflow process during its

diffusion through metal membranes has been developed and mathematically

substantiated. The model is characterized by its simplicity of representation in both

integral and differential form and allows to perform mathematical processing of

the diffusion experiment results with acceptable accuracy when the measured

pressure values are very noisy, in particular, calculating the diffusion coefficients

of hydrogen and water permeability of materials.
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Ijh]ghabjh\Zgb_ ^bnnmabhgguo k\hckl\ \h^hjh^Z \ dhgkljmdpbhgguo

fZl_jbZeZo y\ey_lky \Z`ghc aZ^Zq_c j_Zdlhjgh]h fZl_jbZeh\_^_gby. >ey bkke_^h\Zgby

^bnnmabhgguo ijhp_kkh\, \ qZklghklb, ^ey hij_^_e_gby \h^hjh^hijhgbpZ_fhklb
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dhgkljmdpbhgguo fZl_jbZeh\ y^_jguo j_Zdlhjh\, gZb[he__ rbjhdh bkihevam_lky

f_f[jZgguc f_lh^ [1].

JZg__ gZfb [ueZ ij_^eh`_gZ nmgdpbhgZevgZy fZl_fZlbq_kdZy aZ\bkbfhklv ^ey

ZiijhdkbfZpbb ^bnnmabhggh]h gZl_dZgby \h^hjh^Z b _]h bahlhih\ q_j_a

f_lZeebq_kdb_ f_f[jZgu [2]. HgZ iha\hebeZ ijh\h^blv h[jZ[hldm j_amevlZlh\

^bnnmabhgguo wdki_jbf_glh\ ^Z`_ \ kemqZ_ kbevgh aZrmfe_gguo b jZajhag_gguo

wdki_jbf_glZevguo ^Zgguo [3, 4]. H^gZdh fh^_ev, bkihevah\ZggZy \ [2-4], hlebqZ_lky

keh`ghklvx, hkh[_ggh \ _z ^bnn_j_gpbZevghf \ujZ`_gbb. < k\yab k wlbf gZfb [ueZ

jZkkfhlj_gZ gh\Zy, gZfgh]h [he__ ijhklZy nmgdpbhgZevgZy fZl_fZlbq_kdZy

aZ\bkbfhklv ^ey ZiijhdkbfZpbb wlh]h ijhp_kkZ.

GZklhysZy jZ[hlZ ihk\ys_gZ wfibjbq_kdhc ZiijhdkbfZpbb ijhp_kkZ gZl_dZgby

\h^hjh^Z ijb _]h ^bnnmabb q_j_a f_lZeebq_kdb_ f_f[jZgu. < g_c gh\Zy

nmgdpbhgZevgZy fZl_fZlbq_kdZy aZ\bkbfhklv khihklZ\e_gZ k lhc, qlh [ueZ

bkihevah\ZgZ \ jZ[hlZo [2-4].

F_f[jZgguc f_lh^ hij_^_e_gby \h^hjh^hijhgbpZ_fhklb dhgkljmdpbhgguo

fZl_jbZeh\ hkgh\Zg gZ \uqbke_gbb dhwnnbpb_glh\ ^bnnmabb b jZkl\hjbfhklb

\h^hjh^Z \ gbo ih wdki_jbf_glZevghc aZ\bkbfhklb ^Z\e_gby \h^hjh^Z, gZl_dZxs_]h \

ijhkljZgkl\h aZ f_f[jZghc, hl ijh^he`bl_evghklb dhglZdlZ f_f[jZgu k \h^hjh^hf.

>Z\e_gb_ \h^hjh^Z baf_jyxl \ bagZqZevgh \Zdmmfbjh\Zgghf ijbgbfZxs_f dhglmj_

f_f[jZgghc yq_cdb, \ dhlhjmx q_j_a lhgdhkehcgmx f_f[jZgm ihklmiZ_l

^bnnmg^bjmxsbc ]Za. K ijhlb\hiheh`ghc klhjhgu f_f[jZgu, \ hl^Zxsbc dhglmj

f_f[jZgghc yq_cdb, kdZqdhh[jZagh gZimkdZxl \h^hjh^, ^Z\e_gb_ dhlhjh]h

ih^^_j`b\Zxl lZf ihklhygguf \ l_q_gb_ \k_]h wdki_jbf_glZ. Hlkqzl \j_f_gb

gZqbgZxl k fhf_glZ gZimkdZ \h^hjh^Z \ hl^Zxsbc dhglmj f_f[jZgghc yq_cdb.

Kh]eZkgh klZg^Zjlm, jZajZ[hlZgghfm ki_pbZebklZfb Zlhfghc hljZkeb ^ey

bkke_^h\Zgby \h^hjh^hijhgbpZ_fhklb j_Zdlhjguo fZl_jbZeh\ [1], ih^\_j]Zlvky

bkiulZgbx fh]ml h[jZapu dhgkljmdpbhgguo fZl_jbZeh\, bkiheg_ggu_ \ \b^_

pbebg^jbq_kdbo beb iehkdbo f_f[jZg (jbk. 1). LhesbgZ f_f[jZgu \u[bjZ_lky

fbgbfZevghc, ^ey khdjZs_gby \j_f_gb wdki_jbf_glZ, gh ijb wlhf f_f[jZgZ ^he`gZ

[ulv mklhcqb\hc d i_j_iZ^m ^Z\e_gby f_`^m \g_rgbf b \gmlj_ggbf dhglmjZfb

mklZgh\db. >ey bkdexq_gby gZl_dZgby \h^hjh^Z \ baf_jbl_evguc dhglmj \ h[oh^

f_f[jZgu, h[jZa_p ^ey bkiulZgby ^he`_g [ulv ]_jf_lbqgh \\Zj_g \ ^bnnmabhggmx

yq_cdm [2].

Wnn_dlb\gu_ dhwnnbpb_glu ^bnnmabb \h^hjh^Z Dwn \ bkke_^m_fuo fZl_jbZeZo

ih ^Zgguf f_f[jZggh]h wdki_jbf_glZ kh]eZkgh [1] hij_^_eyxl h[tzfghf_ljbq_kdbf

beb ^bgZfbq_kdbf \uqbkebl_evgufb f_lh^Zfb. < h[tzfghf_ljbq_kdhf f_lh^_

\uqbke_gbc bkihevamxl aZ\bkbfhklv ^Z\e_gby \h^hjh^Z \ ijbgbfZxs_f dhglmj_ PG hl

\j_f_gb. >bgZfbq_kdbc f_lh^ \uqbke_gby dhwnnbpb_glh\ ^bnnmabb ih ^Zgguf

f_f[jZggh]h wdki_jbf_glZ aZdexqZ_lky \ fZl_fZlbq_kdhc h[jZ[hld_ aZ\bkbfhklb
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ihlhdZ \h^hjh^Z q_j_a f_f[jZgm NG ijb ih^Zq_ _]h gZ h^gm ba _z klhjhg hl

ijh^he`bl_evghklb f_f[jZggh]h wdki_jbf_glZ (jbk. 2).

Z) [)

Jbk. 1. Iehkdbc (Z) b pbebg^jbq_kdbc h[jZapu fZl_jbZeh\ ^ey bo ^bnnmabhgguo bkiulZgbc

f_f[jZgguf f_lh^hf kh]eZkgh [1]

Z) [)

Jbk. 2. AZ\bkbfhklv ^Z\e_gby \h^hjh^Z \ ijbzfghc zfdhklb (Z) b ihlhdZ \h^hjh^Z q_j_a

f_f[jZgm ([) hl ijh^he`bl_evghklb f_f[jZggh]h wdki_jbf_glZ

>ey ihemq_gby aZ\bkbfhklb PG hl \j_f_gb ijb aZ^Zgghc l_fi_jZlmj_

wdki_jbf_glZ \h^hjh^ ih^Zxl gZ \oh^gmx (ijbgbfZxsmx) klhjhgm f_f[jZgu ba

bkke_^m_fh]h fZl_jbZeZ, Z k ^jm]hc klhjhgu f_f[jZgu \ ijbgbfZxs_f dhglmj_ q_j_a

hij_^_e_ggu_ bgl_j\Zeu \j_f_gb baf_jyxl l_dmsb_ \_ebqbgu ^Z\e_gby \h^hjh^Z.
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LhqdZ i_j_k_q_gby dZkZl_evghc d ijyfhc klZpbhgZjguo agZq_gbc mklZgh\b\r_]hky

ihlhdZ \h^hjh^Z k \j_f_gghc hkvx hij_^_ey_l \j_fy aZiZa^u\Zgby ta, ih dhlhjhfm b

jZkkqblu\Zxl dhwnnbpb_glu ^bnnmabb \h^hjh^Z (jbk. 2).

Ihke_ \uoh^Z ihlhdZ \h^hjh^Z q_j_a f_f[jZgm gZ klZpbhgZjguc j_`bf

\u[bjZxl h^gh ba agZq_gbc gZ \j_f_gghc hkb, hl dhlhjh]h kljhyl ijyfhm]hevgbd lZd,

dZd ihdZaZgh gZ jbk. 2 ([). Ih ihkljh_gghc aZ\bkbfhklb ihlhdZ \h^hjh^Z q_j_a

f_f[jZgm NG hl \j_f_gb dhglZdlZ t hij_^_eyxl \_ebqbgu S1 (^hihegbl_evgZy d

ijyfhm]hevgbdm iehsZ^v) b S2 (ih^ugl_]jZevgZy iehsZ^v), dhlhju_ \oh^yl \ nhjfmem

jZkq_lZ wnn_dlb\gh]h dhwnnbpb_glZ ^bnnmabb \h^hjh^Z.

AgZq_gb_ wnn_dlb\guo dhwnnbpb_glh\ ^bnnmabb ^ey h[t_fghf_ljbq_kdh]h

f_lh^Z, &à×
Ñ (kf2/k), hij_^_eyxl ih nhjfme_ (1) ^ey iehkdbo f_f[jZg b ih nhjfme_ (2)

^ey pbebg^jbq_kdbo f_f[jZg:

&à×
Ñ =

Ü
6

6 ® PÊ
, (1)

]^_ / – lhesbgZ h[jZapZ, kf;

PÊ – \j_fy aZiZa^u\Zgby, k.

&à×
Ñ =

45
6 F 466 + (45

6 +46
6) ® ln(46 45)¤

4 ® PÊ ® ln(46 45)¤
, (2)

]^_ 45 – \gmlj_ggbc jZ^bmk pbebg^jbq_kdh]h h[jZapZ, kf;

46 – \g_rgbc jZ^bmk pbebg^jbq_kdh]h h[jZapZ, kf.

AgZq_gb_ wnn_dlb\guo dhwnnbpb_glh\ ^bnnmabb ^ey ^bgZfbq_kdh]h f_lh^Z,

&à×
Ç

(kf2/k), hij_^_eyxl ih nhjfme_ (3) ^ey iehkdbo f_f[jZg b ih nhjfme_ (4) ^ey

pbebg^jbq_kdbo f_f[jZg:

&à×
Ñ =

Ü
6

6 ® PÊ
®
55 + 56

55
, (3)

]^_ 55 – ^hihegbl_evgZy d ijyfhm]hevgbdm iehsZ^v, m._.;

56 – ih^ugl_]jZevgZy iehsZ^v, m._.;

P� – ijhba\hevgh_ \j_fy, ij_\urZxs__ \j_fy klZ[bebaZpbb ihlhdZ, k.

&à×
Ç

=
45
6 F 466 +(45

6 +46
6) ® ln(46 45)¤

4 ® PÊ ® ln(46 45)¤
®
55 + 56

55

(4)

>ey iehkdbo h[jZaph\ wnn_dlb\guc dhwnnbpb_gl \h^hjh^hijhgbpZ_fhklb, 2à×
(kf3·kf/(k·kf·IZ0,5)), hij_^_eyeb ih nhjfme_ (5):
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2à× =
£� ® Ü

5à ® �
�

(5)

>ey pbebg^jbq_kdbo h[jZaph\ wnn_dlb\guc dhwnnbpb_gl

\h^hjh^hijhgbpZ_fhklb \uqbkeyeb ih nhjfme_ (6):

2à× =
£� ® (46 F 45)

è ® (46 +45) ® Hà ® �
�

(6)

< nhjfmeZo (5) b (6) bkihevah\Zgu ke_^mxsb_ h[hagZq_gby:

£� – ihlhd \h^hjh^Z q_j_a h[jZa_p, kf3/k;

5à – wnn_dlb\gZy iehsZ^v h[jZapZ, kf2;

Hà – wnn_dlb\gZy ^ebgZ h[jZapZ, kf;

� – ^Z\e_gb_ ]Zahh[jZagh]h \h^hjh^Z gZ \oh^ghc klhjhg_, IZ;

Ù – ihdZaZl_ev kl_i_gb (Ù = 0,5).

Wnn_dlb\gZy jZkl\hjbfhklv \h^hjh^Z \ fZl_jbZe_, 5à× (kf3/(kf3·IZ0,5)), fh`_l

[ulv hij_^_e_gZ ih nhjfme_:

5à× =
2à×

&à×
(7)

Ijb ijh\_^_gbb f_f[jZgguo wdki_jbf_glh\ \ :H «<GBBGF» bf_gb ZdZ^_fbdZ

:.:. ;hq\ZjZ ^ey hij_^_e_gby \h^hjh^hijhgbpZ_fhklb i_jki_dlb\guo j_Zdlhjguo

fZl_jbZeh\ [ueb bkihevah\Zgu f_f[jZggu_ yq_cdb dZd k iehkdhc, lZd b k

pbebg^jbq_kdhc f_f[jZgZfb (jbk. 3).

Z) [)
Z) iehkdZy f_f[jZgZ ba OG80FLX (^h ihebjh\db)

[) pbebg^jbq_kdZy f_f[jZgZ ba gbd_ey GI2

Jbk. 3. <g_rgbc \b^ h[jZaph\ ^ey hij_^_e_gby ^bnnmabhgguo oZjZdl_jbklbd bahlhih\

\h^hjh^Z f_f[jZgguf f_lh^hf
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GZ pbebg^jbq_kdbo f_f[jZgZo ^bnnmaby \h^hjh^Z \ oh^_ wdki_jbf_glZ

ijhl_dZeZ kgZjm`b \gmljv f_f[jZgu. JZ[hq__ ^Z\e_gb_ ]ZaZ gZ \oh^ghc klhjhg_

h[jZapZ ih^^_j`b\Zeb ihklhygguf, lZd, qlh dhe_[Zgby ^Z\e_gby gZ \oh^_ g_

ij_\urZeh \ l_q_gb_ \k_]h wdki_jbf_glZ 5%. Mjh\_gv nhgh\h]h ]Zah\u^_e_gby

hij_^_eyeb ijb ijh\_^_gbb ohehklh]h wdki_jbf_glZ, [_a bkihevah\Zgby \h^hjh^Z b hg

g_ ij_\urZe 10% hl \_ebqbgu ihlhdZ \h^hjh^Z gZ \uoh^ghc klhjhg_. >ey ijh\_^_gby

bkiulZgbc [ueb jZajZ[hlZgu q_jl_`b, ih dhlhjuf [ueb ba]hlh\e_gu h[jZapu ^ey

^bnnmabhgguo bkiulZgbc ba gbd_ey GI2 b kieZ\Z gZ hkgh\_ gbd_ey OG80FLX –

hkgh\gh]h dZg^b^Zlgh]h fZl_jbZeZ ^ey ba]hlh\e_gby ljm[hijh\h^h\ b ^jm]bo

dhgkljmdpbc `b^dh-khe_\uo j_Zdlhjh\. >ey ^hklb`_gby ]em[hdh]h \ZdmmfZ gZ

mklZgh\d_ ih hij_^_e_gbx ^bnnmabb \h^hjh^Z f_f[jZgguf kihkh[hf \k_o ]Zah\u_

fZ]bkljZeb mklZgh\db ij_^\Zjbl_evgh ijh]j_\Zeb, h^gh\j_f_ggh hldZqb\Zy bo k

ihfhsvx \ukhdh\Zdmmfgh]h ihklZ. < dZq_kl\_ aZihjghc ZjfZlmju ijbf_gyeb

\h^hjh^gu_ ijb\Zjgu_ kbevnhggu_ \_glbeb, jZkkqblZggu_ ^ey jZ[hlu ijb ^Z\e_gbb

^h 16 FIZ b l_fi_jZlmjZo ^h 200 °K. Ijh]j_\ f_f[jZgguo ZiiZjZlh\ ijhba\h^beb

eZ[hjZlhjgufb i_qZfb rZolgh]h lbiZ. J_`bf bo gZ]j_\Z ijh]jZffbjh\Zeb

dhgljhee_jhf l_fi_jZlmju LJF-148. >Z\e_gb_ fhe_dmeyjgh]h \h^hjh^Z \ hl^Zxs_f b

\ ijbgbfZxs_f dhglmjZo f_f[jZgguo ZiiZjZlh\ baf_jyeb k ihfhsvx _fdhklguo

^Zlqbdh\ lbiZ «;ZjZljhg» k [ehdhf iblZgby b bg^bdZpbb PR4000, ih^kh_^bg_gguo d

mijZ\eyxs_fm dhfivxl_jm.

Ihke_ ^hklb`_gby ijhp_kkhf ^bnnmabb \h^hjh^Z klZpbhgZjgh]h j_`bfZ

wdki_jbf_glZevgh hij_^_ey_fu_ \_ebqbgu ^Z\e_gby \h^hjh^Z ohjhrh

Ziijhdkbfbjmxlky ebg_cghc aZ\bkbfhklvx hl \j_f_gb dhglZdlZ f_f[jZgu k

\h^hjh^hf (jbk. 2Z) ih f_lh^m gZbf_gvrbo d\Z^jZlh\. LZd \ ijhp_kk_

h[t_fghf_ljbq_kdh]h f_lh^Z h[jZ[hldb j_amevlZlh\ wdki_jbf_glZ hij_^_eyeb \j_fy

aZiZa^u\Zgby tA, dhlhjh_ bkihevah\Zeb \ nhjfmeZo (1-4) ijb jZkq_lZo ^bnnmabhgguo

oZjZdl_jbklbd.

>bgZfbq_kdbc f_lh^ lj_[m_l bkihevah\Zgby nmgdpbb aZ\bkbfhklb ihlhdZ

\h^hjh^Z NG hl \j_f_gb (jbkmghd 2[), dhlhjZy ebg_cgh k\yaZgZ k i_j\hc ijhba\h^ghc

ih \j_f_gb aZ\bkbfhklb ^Z\e_gby \h^hjh^Z \ ijb_fghf dhglmj_ f_f[jZgghc yq_cdb.

Ijb hij_^_e_gbb ihlhdZ \h^hjh^Z NG \hagbdeZ g_h[oh^bfhklv \ gZoh`^_gbb m^h[ghc

^ey ZiijhdkbfZpbb b ^bnn_j_gpbjh\Zgby wfibjbq_kdhc fh^_evghc nmgdpbb

aZ\bkbfhklb ^Z\e_gby \h^hjh^Z \ ijb_fghf dhglmj_ hl \j_f_gb, dhlhjZy [u iha\hebeZ

k]eZ^blv nemdlmZpbb, ijb wlhf iheghklvx hljZ`Zy oZjZdl_jgu_ hkh[_gghklb b

khojZgyy nbabq_kdbc kfuke ^bnnmabhggh]h ijhp_kkZ.

< dZq_kl\_ lZdhc nmgdpbb \ jZ[hlZo [2-4] bkihevah\Zeb \ujZ`_gb_ (8).

2Á(P) =
º®ç?»

5?@ ³
²®ß
A
¿ (8)

Ihke_ ^bnn_j_gpbjh\Zgby \ujZ`_gby (8) ih t b mfgh`_gby j_amevlZlZ gZ
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dhwnnbpb_gl -Á ihemqbeb nmgdpbx ihlhdZ \h^hjh^Z q_j_a f_f[jZgm £�(P),

aZ\bkbfhklv _]h \_ebqbgu hl ijh^he`bl_evghklb wdki_jbf_glZ (9):

£Á(P) = -Á ®
º®d5?@ ³

²®ß
A
¿h?(º®ç?»)®@³

²
A
¿

®
¿

ß¿6-

d5?@ ³
²®ß
A
¿h

. (9)

NmgdpbhgZevgZy aZ\bkbfhklv (8) [ueZ bkihevah\ZgZ lZd`_ ijb jZajZ[hld_

fZl_fZlbq_kdhc fh^_eb ^ey ZiijhdkbfZpbb S-h[jZaguo aZ\bkbfhkl_c, oZjZdl_jguo

^ey jZaebqguo nbabdh-obfbq_kdbo ijhp_kkh\, \ qZklghklb, ^ey hibkZgby ijhp_kkZ

l_jfbq_kdh]h jZaeh`_gby ]b^jb^Z [_jbeeby [5].

G_^hklZldZfb ij_^eh`_gghc \ [2-4] fh^_eb y\ey_lky keh`ghklv _z ij_^klZ\e_gby

\ ^bnn_j_gpbZevghf \b^_ ih mjZ\g_gbx [9] b gZebqb_ jZaju\Z k g_hij_^_ezgghklvx

lbiZ
4

4
ijb \j_f_gb wdki_jbf_glZ jZ\ghf

»

º
.

<f_kl_ k l_f, ij_^klZ\e_ggZy gZ jbk. 2Z aZ\bkbfhklv ^Z\e_gby \h^hjh^Z \

ijbzfghc zfdhklb f_f[jZgghc yq_cdb hl ijh^he`bl_evghklb wdki_jbf_glZ bf__l

koh^kl\h k ^jm]hc, [he__ ijhklhc, q_f \ujZ`_gb_ (8), fZl_fZlbq_kdhc nmgdpb_c lbiZ

(10), q_c ]jZnbd ij_^klZ\e_g gZ jbk. 4.

f(x) = ln(ev +1) (10)

Jbk. 4. =jZnbd nmgdpbhgZevghc aZ\bkbfhklb (10)

< hlebqb_ hl bkihevah\Zgghc jZg__ nmgdpbhgZevghc aZ\bkbfhklb (8), \ujZ`_gb_

(10) g_ bf__l lhq_d jZaju\Z b hij_^_e_gZ \ ^bZiZahg_ agZq_gbc Zj]mf_glZ hl F» ^h

+». LZd `_, dZd b \ kemqZ_ k aZ\bkbfhklvx (8), \ e_\hc qZklb ]jZnbd \ujZ`_gby (10)

klj_fblky d gmex, Z \ ijZ\hc qZklb Zkbfilhlbq_kdb klj_fblky d gZdehgghc ebg_cghc

aZ\bkbfhklb. Ijhba\h^gZy nmgdpbb (10), \ hlebqb_ hl \ujZ`_gby (9), bf__l hq_gv

ijhklhc \b^ (11), m^h[guc ^ey \uqbke_gbc.

fñ(x) =
c
n

cn>5
(11)

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

-5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 101112131415

f(x)

x



<HIJHKU :LHFGHC G:MDB B L?OGBDB.

K_jby: FZl_jbZeh\_^_gb_ b gh\u_ fZl_jbZeu. 2024. <uimkd 5 (126)

74

Ijb gme_\hf agZq_gbb Zj]mf_glZ \ujZ`_gb_ (10) ijbgbfZ_l agZq_gb_ ln2, Z

mjZ\g_gb_ Zkbfilhlu bf__l \b^ f(x)=x. >ey ijZdlbq_kdh]h bkihevah\Zgby nmgdpbc (10)

b (11) \ dZq_kl\_ fZl_fZlbq_kdbo fh^_e_c g_h[oh^bfh [ueh \g_klb \ gbo

^hihegbl_evgu_ iZjZf_lju, iha\heyxsb_ i_j_f_sZlv bo \^hev hkb 0O, baf_gylv m]he

gZdehgZ Zkbfilhlu b fbgbfZevguc jZ^bmk djb\bagu ^ey ]jZnbdZ mjZ\g_gby (10).

E_]dh \b^_lv, qlh, mfgh`Zy Zj]mf_gl o \ \ujZ`_gbb (10) gZ jZaebqgu_ dhwnnbpb_glu,

fu ihemqbf k_f_ckl\h nmgdpbc, i_j_k_dZxsbo hkv 0Y \ h^ghc b lhc `_ lhqd_ (0; ln2),

gh bf_xsb_ jZaebqgu_ m]eu gZdehgZ Zkbfilhl (jbk. 5).

Z [

Jbk. 5. K_f_ckl\h nmgdpbc k h[sbf i_j_k_q_gb_f hkb 0Y, gh k jZaebqguf m]ehf gZdehgZ

Zkbfilhlu (Z), b bo ijhba\h^gu_ ([)

?keb d Zj]mf_glm wdkihg_glu \ \ujZ`_gbb (10) ^h[Z\eylv jZaebqgu_ keZ]Z_fu_,

lh j_amevlZlhf [m^_l k_f_ckl\h nmgdpbc k ]jZnbdZfb h^gh]h b lh]h `_ \b^Z, gh

kf_szggufb \e_\h beb \ijZ\h \^hev hkb 0X (jbk. 6)

Z                                                           [

Jbk. 6. K_f_ckl\h nmgdpbc kh kf_s_gb_f ih hkb 0X (Z) b bo ijhba\h^gu_ ([)
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Ijb mfgh`_gbb gZ ihklhygguc dhwnnbpb_gl \k_]h \ujZ`_gby (10) fu

h^gh\j_f_ggh baf_gbf b m]he gZdehgZ Zkbfilhlu, b kf_klbf lhqdm i_j_k_q_gby

]jZnbdZ nmgdpbb k hkvx 0Y. H^gZdh, _keb ijb wlhf ^_eblv gZ lhl `_ kZfuc

dhwnnbpb_gl Zj]mf_gl \ujZ`_gby (10), lh ihemq_ggh_ k_f_ckl\h nmgdpbc [m^_l bf_lv

h^gm b lm `_ Zkbfilhlm, gh i_j_k_dZlv hkv 0Y \ jZaebqguo lhqdZo, lh _klv bf_lv

jZaebqgu_ jZ^bmku djb\bagu (jbk. 7).

Z

[
Jbk. 7. K_f_ckl\h nmgdpbc jZaebqghc djmlbagu, bf_xsbo h[smx gZdehggmx

Zkbfilhlm (Z) b bo ijhba\h^gu_ ([)

Mfgh`_gb_ wdkihg_glu \ \ujZ`_gbb (10) gZ ihklhygguc dhwnnbpb_gl ijb\_^zl

d lhfm `_ j_amevlZlm, qlh b ^h[Z\e_gb_ ihklhyggh]h keZ]Z_fh]h d Zj]mf_glm – kf_klbl

]jZnbd nmgdpbb \^hev hkb 0X, dZd gZ jbk. 6. <k_ ijhqb_ ij_h[jZah\Zgby nmgdpbb (10)

ijb\_^ml d lZdbf _z bkdZ`_gbyf, qlh hgZ m`_ g_ kfh`_l [ulv bkihevah\ZgZ \ dZq_kl\_

fh^_eb ^ey hljZ`_gby oZjZdl_jZ baf_g_gby ^Z\e_gby \ ijbzfghc zfdhklb f_f[jZgghc

yq_cdb ijb gZl_dZgbb \ g_z \h^hjh^Z.

LZdbf h[jZahf, ihke_ g_keh`ghc dZeb[jh\db \ujZ`_gb_ (10) fh`_l [ulv

bkihevah\Zgh ^ey ij_^klZ\e_gby aZ\bkbfhklb ^Z\e_gby \h^hjh^Z hl

ijh^he`bl_evghklb f_f[jZggh]h wdki_jbf_glZ b ijb\_^_gh d lZdhfm \b^m, qlh[u

ZkbfilhlZ _]h kh\iZ^ZeZ k mjZ\g_gb_f mklZgh\b\r_cky ^bnnmabb \ f_f[jZgghf
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wdki_jbf_gl_ PH(t)=At–B b hklZ\Zeky _sz ^hihegbl_evguc nZdlhj K, k ihfhsvx

dhlhjh]h fh`gh [ueh [u mijZ\eylv djmlbaghc i_j_oh^Z ]hjbahglZevgh]h mqZkldZ

aZ\bkbfhklb \ _z gZdehgguc mqZklhd. LZd [ueh ihemq_gh \ujZ`_gb_ (12), hljZ`Zxs__

baf_g_gb_ ^Z\e_gby \h^hjh^Z \ ijbzfghc zfdhklb PH f_f[jZgghc yq_cdb hl \j_f_gb t.

|t(�) =
Ú

w
�� d�mwB�?@nmAC +Úh (12)

:gZeblbq_kdh_ ^bnn_j_gpbjh\Zgb_ \ujZ`_gby (12) iha\hey_l ihemqblv

\ujZ`_gb_ aZ\bkbfhklb ihlhdZ \h^hjh^Z q_j_a f_f[jZgm hl ijh^he`bl_evghklb

wdki_jbf_glZ (13).

£t(�) = wt ®
m�

mwB�7@n
m
AC

Ú>�
mwB�7@n

m
AC

(13)

]^_ KH – dhwnnbpb_gl i_j_\h^Z ^Z\e_gby \h^hjh^Z \ _]h dhebq_kl\h,

A b B – khhl\_lkl\_ggh dhwnnbpb_gl b k\h[h^guc qe_g ebg_cghc j_]j_kkbb

mklZgh\b\r_]hky ijhp_kkZ ^bnnmabb \h^hjh^Z PH(t)=At–B;

K – dhwnnbpb_gl, oZjZdl_jbamxsbc djmlbagm i_j_oh^Z ijhp_kkZ ^bnnmabb

\h^hjh^Z \ klZpbhgZjguc j_`bf.

Gh\u_ fZl_fZlbq_kdb_ fh^_eb (12) b (13) [ueb gZfb ijbf_g_gu ^ey

ZiijhdkbfZpbb ^\mo k_jbc ^bnnmabhgguo wdki_jbf_glh\ k iehkdbfb b

pbebg^jbq_kdbfb f_f[jZgZfb. Ih gZdehgghfm mqZkldm aZ\bkbfhklb ^Z\e_gby

\h^hjh^Z hl \j_f_gb ^ey mklZgh\b\r_]hky ijhp_kkZ ^bnnmabb f_lh^hf gZbf_gvrbo

d\Z^jZlh\ gZoh^beb \_ebqbgu : b < fh^_eb (12), Z ihlhf gZoh^beb \_ebqbgm

iZjZf_ljZ D, ijb dhlhjhf kmffZ d\Z^jZlh\ hldehg_gbc fh^_evguo \_ebqbg ^Z\e_gby

hl wdki_jbf_glZevguo [ueZ fbgbfZevgZ.

>ey kjZ\g_gby l_ `_ kZfu_ ^Zggu_ [ueb Ziijhdkbfbjh\Zgu fh^_evgufb

nmgdpbyfb, ij_^eh`_ggufb gZfb jZg__ \ [3], \ khhl\_lkl\bb k ij_^klZ\e_gguf \ [3]

Ze]hjblfhf ih nhjfmeZf (8) b (9).

KhihklZ\e_gb_ ^\mo fZl_fZlbq_kdbo fh^_e_c ijhp_kkZ gZl_dZgby \h^hjh^Z \

ijbzfgmx zfdhklv b ihlhdZ \h^hjh^Z ij_^klZ\e_gh gZ jbk. 8-11 b \ lZ[e. 1, 2

ijbf_gbl_evgh d wdki_jbf_glZevguf ^Zgguf, ihemq_gguf \ :H «<GBBGF».

Ijb jZkqzl_ dhwnnbpb_glh\ dhjj_eypbb fh^_evguo \_ebqbg k

wdki_jbf_glZevgufb (lZ[e. 1 b 2) bkihevah\Zeb lhevdh ^Zggu_, gZoh^ysb_ky gZ

gZqZevghf mqZkld_ \j_f_gghc aZ\bkbfhklb, \iehlv ^h fhf_glZ, dh]^Z \_ebqbgZ ihlhdZ

\h^hjh^Z q_j_a f_f[jZgm ^hklb]ZeZ 0,95% _]h fZdkbfZevghc \_ebqbgu.
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Jbk. 10. :iijhdkbfZpby ^Zgguo ih ^Z\e_gbx \h^hjh^Z \ ijbgbfZxs_f dhglmj_ ihke_ _]h

^bnnmabb q_j_a pbebg^jbq_kdmx f_f[jZgm ijb 476 °K (kbgb_ fZjd_ju).

Ke_\Z, djZkgZy ebgby – ih fh^_eb (8), kijZ\Z, hjZg`_\Zy ebgby – ih fh^_eb (12).

<g_rgbc jZ^bmk f_f[jZgu ba gbd_ey GI2 4,4 ff, \ukhlZ 3 kf, lhesbgZ 0,35 ff. H[tzf

ijbgbfZxs_]h dhglmjZ f_f[jZgghc yq_cdb 60,5 kf3, ^Z\e_gb_ \h^hjh^Z \ hl^Zxs_f dhglmj_

100,9 dIZ.

Jbk. 11. :iijhdkbfZpby wdki_jbf_glZevguo ^Zgguo ih ihlhdm \h^hjh^Z q_j_a pbebg^jbq_kdmx

f_f[jZgm ijb 476 °K (kbgb_ fZjd_ju).

Ke_\Z, djZkgZy ebgby – ih fh^_eb (9), kijZ\Z hjZg`_\Zy ebgby – ih fh^_eb (13).

<g_rgbc jZ^bmk f_f[jZgu ba gbd_ey GI2 4,4 ff, \ukhlZ 3 kf, lhesbgZ 0,35 ff. H[tzf

ijbgbfZxs_]h dhglmjZ f_f[jZgghc yq_cdb 60,5 kf3, ^Z\e_gb_ \h^hjh^Z \ hl^Zxs_f dhglmj_

100,9 dIZ
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LZ[ebpZ 1

Dhwnnbpb_glu dhjj_eypbb jZkkqblZgguo \_ebqbg k wdki_jbf_glZevgufb ^Zggufb ih

^bnnmabb \h^hjh^Z ^ey iehkdbo f_f[jZg ba kieZ\Z OGF80FLX
� L_fi_jZ

-lmjZ, °K

Dhjj_eypby

^Z\e_gby \h^hjh^Z

PH (Lhjj) k jZkqzlhf

ih mjZ\g_gbx (8)

Dhjj_eypby ihlhdZ

\h^hjh^Z NG (kf3/k) k

jZkqzlhf ih

mjZ\g_gbx (9)

Dhjj_eypby

^Z\e_gby \h^hjh^Z

PH (Lhjj) k jZkqzlhf

ih mjZ\g_gbx (12)

Dhjj_eypby ihlhdZ

\h^hjh^Z NG (kf3/k) k

jZkqzlhf ih

mjZ\g_gbx (13)

1 450 0,99959 0,57317 0,99519 0,53936

2 520 0,92719 0,78425 0,99661 0,80485

3 600 0,99979 0,97248 0,99631 0,94836

4 670 0,99990 0,99137 0,99480 0,96591

5 750 0,99939 0,99440 0,99582 0,96965

LZ[ebpZ 2

Dhwnnbpb_glu dhjj_eypbb R2 jZkkqblZgguo \_ebqbg k wdki_jbf_glZevgufb ^Zggufb

ih ^bnnmabb \h^hjh^Z ^ey pbebg^jbq_kdbo f_f[jZg ba gbd_ey GI2
� L_fi_jZ

-lmjZ, °K

Dhjj_eypby

^Z\e_gby \h^hjh^Z

PH (Lhjj) k jZkqzlhf

ih mjZ\g_gbx (8)

Dhjj_eypby ihlhdZ

\h^hjh^Z NG (kf3/k) k

jZkqzlhf ih

mjZ\g_gbx (9)

Dhjj_eypby

^Z\e_gby \h^hjh^Z

PH (Lhjj) k jZkqzlhf

ih mjZ\g_gbx (12)

Dhjj_eypby ihlhdZ

\h^hjh^Z NG (kf3/k) k

jZkqzlhf ih

mjZ\g_gbx (13)

1 425,6 0,99860 0,98115 0,98531 0,87231

2 476 0,99978 0,98195 0,99144 0,93057

3 532 0,99985 0,98775 0,94346 0,85581

4 548 0,99806 0,99223 0,99091 0,93270

5 550 0,99947 0,97687 0,98800 0,90089

6 554 0,99734 0,99301 0,99526 0,95471

7 598 0,99997 0,95263 0,98800 0,91126

8 598,3 0,99767 0,99379 0,98321 0,91440

9 598,7 0,99824 0,98513 0,99068 0,92297

H[km`^_gb_ j_amevlZlh\

Ih \_ebqbg_ jZkkqblZgguo dhwnnbpb_glh\ dhjj_eypbb e_]dh \b^_lv, qlh gh\Zy

fZl_fZlbq_kdZy fh^_ev gZfgh]h emqr_ Ziijhdkbfbjm_l ^Zggu_ ^bnnmabhgguo

wdki_jbf_glh\ k iehkdbfb f_f[jZgZfb, q_f k pbebg^jbq_kdbfb. K _z ihfhsvx

mki_rgh fh`gh h[jZ[Zlu\Zlv kbevgh aZrmfezggu_ j_amevlZlu, lZdb_ dZd gZ jbk. 9,
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ihemqZy k]eZ`_ggu_ aZ\bkbfhklb \_ebqbg ihlhdZ \h^hjh^Z b _]h ^Z\e_gby \ ijbzfghc

zfdhklb hl ijh^he`bl_evghklb wdki_jbf_glZ. AZdhghf_jgh, qlh \_ebqbgu ihlhdZ

\h^hjh^Z, y\eyykv ^bnn_j_gpbZevgufb \_ebqbgZfb, ijb khihklZ\e_gbb fh^_eb k

wdki_jbf_glhf ihdZau\Zxl f_gvrb_ \_ebqbgu dhwnnbpb_glh\ dhjj_eypbb, q_f

\_ebqbgu ^Z\e_gbc \h^hjh^Z \ ijbzfghc zfdhklb (lZ[e. 1, 2), ba-aZ rmfZ,

\hagbdZxs_]h ijb qbke_gghf ^bnn_j_gpbjh\Zgbb wdki_jbf_glZevguo j_amevlZlh\.

KhihklZ\e_gb_ ^\mo jZkkfhlj_gguo \ur_ fh^_e_c f_`^m kh[hc ]h\hjbl h lhf,

qlh ihqlb \h \k_o kemqZyo i_j\Zy fh^_ev ^Zzl [he__ lhqgmx ZiijhdkbfZpbx

wdki_jbf_glZevguo ^Zgguo, q_f nmgdpby lbiZ ln(exp(x)+1). G_^hklZldhf gh\hc fh^_eb

y\ey_lky lh, qlh gZ gZqZevghf _z mqZkld_ jZkkqblZggZy ih mjZ\g_gbx (9) \_ebqbgZ

ihlhdZ \h^hjh^Z \k_]^Z hlebqZ_lky hl gmey. Bgh]^Z wlh hldehg_gb_ hl gmey ^hklZlhqgh

\_ebdh b ijb\h^bl d kms_kl\_gghc ihl_j_ lhqghklb ZiijhdkbfZpbb, dZd \ kemqZ_,

ij_^klZ\e_gghf gZ jbk. 11 ^ey wdki_jbf_glZ k pbebg^jbq_kdbfb f_f[jZgZfb. < k\yab

k wlbf, g_kfhljy gZ lZdb_ ^hklhbgkl\Z nmgdpbb lbiZ ln(exp(x)+1) dZd _z ijhklhlZ b

hlkmlkl\b_ lhqdb jZaju\Z k g_hij_^_ezgghklvx lbiZ 0/0, ke_^m_l ijbagZlv, qlh

jZajZ[hlZggZy jZg__ nmgdpby ^ey ZiijhdkbfZpbb ^Zgguo ^bnnmabhggh]h f_f[jZggh]h

wdki_jbf_glZ ih mjZ\g_gbyf (8) b (9) ^Zzl [he__ dZq_kl\_ggmx ZiijhdkbfZpbx, q_f

ZiijhdkbfZpby ih nhjfmeZf (12) b (13). L_f g_ f_g__, dhwnnbpb_glu ^bnnmabb

\h^hjh^Z b \h^hjh^hijhgbpZ_fhklv bkke_^h\Zgguo dhgkljmdpbhgguo fZl_jbZeh\,

jZkkqblZggu_ k bkihevah\Zgb_f gh\hc Ziijhdkbfbjmxs_c nmgdpbb, iheghklvx

kh\iZeb k \_ebqbgZfb, ihemq_ggufb gZfb jZg__, b k ebl_jZlmjgufb ^Zggufb [6, 7],

qlh k\b^_l_evkl\m_l h \hafh`ghklb _z ijZdlbq_kdh]h bkihevah\Zgby.

<u\h^u
LZdbf h[jZahf, jZajZ[hlZgZ b fZl_fZlbq_kdb h[hkgh\ZgZ gh\Zy nmgdpbhgZevgZy

fZl_fZlbq_kdZy aZ\bkbfhklv lbiZ ln(exp(x)+1), iha\heyxsZy Ziijhdkbfbjh\Zlv

ijhp_kk gZl_dZgby \h^hjh^Z ijb _]h ^bnnmabb q_j_a f_lZeebq_kdb_ f_f[jZgu. GZ

ijbf_j_ wdki_jbf_glZevguo ^Zgguo, ihemq_gguo ^ey f_f[jZg ba gbd_ey GI2 b kieZ\Z

OG80FLX, ihdZaZgZ \hafh`ghklv _z bkihevah\Zgby ^ey jZkqzlZ ihlhdZ \h^hjh^Z

q_j_a dhgkljmdpbhggu_ fZl_jbZeu ih aZ\bkbfhklb ^Z\e_gby \h^hjh^Z \ ijbzfghc

qZklb f_f[jZgghc yq_cdb hl ijh^he`bl_evghklb wdki_jbf_glZ, ^Z`_ \ kemqZ_ kbevghc

aZrmfezgghklb wdki_jbf_glZevguo ^Zgguo. IhdZaZgh, qlh ^Zggu_ ^bnnmabhgguo

wdki_jbf_glh\ k iehkdbfb f_f[jZgZfb gh\Zy fZl_fZlbq_kdZy fh^_ev Ziijhdkbfbjm_l

emqr_, q_f \ kemqZ_ k pbebg^jbq_kdbfb f_f[jZgZfb.

Kibkhd ebl_jZlmju

1. HKL 95 10447-91 FZl_jbZeu y^_jguo j_Zdlhjh\ dhgkljmdpbhggu_. F_lh^

bkke_^h\Zl_evkdbo j_Zdlhjguo bkiulZgbc gZ \h^hjh^hijhgbpZ_fhklv. Fhkd\Z, 1992, -25 k.

2. K_f_gh\ :.:., :gbdbg :.K., Ebamgh\ :.<., ;mdbg :.G., ;_eydh\ F.B., AZ[bjh\Z G.?., Djxdh\Z

:.K., E_kbgZ B.=., Dhaeh\Z ?.<. :iijhdkbfZpby ijhp_kkZ gZl_dZgby \h^hjh^Z ijb _]h ^bnnmabb



<HIJHKU :LHFGHC G:MDB B L?OGBDB.

K_jby: FZl_jbZeh\_^_gb_ b gh\u_ fZl_jbZeu. 2024. <uimkd 5 (126)

81

q_j_a f_lZeebq_kdb_ f_f[jZgu // <hijhku Zlhfghc gZmdb b l_ogbdb. K_j.: FZl_jbZeh\_^_gb_

b gh\u_ fZl_jbZeu. 2021. <uimkd 4 (110). C. 23-35.

3. :.K. :gbdbg. Hij_^_e_gb_ ^bnnmabhgguo oZjZdl_jbklbd ljblby \ dhgkljmdpbhgguo b

nmgdpbhgZevguo fZl_jbZeZo j_Zdlhjguo mklZgh\hd jZaebqguo lbih\. >bkk_jlZpby gZ

khbkdZgb_ mqzghc kl_i_gb dZg^b^ZlZ l_ogbq_kdbo gZmd. F.: :H «<GBBGF», 2024.

4. :.K. :gbdbg, :.:. K_f_gh\, H.:. Dmq_jh\. KhihklZ\e_gb_ nmgdpbhgZevguo fZl_fZlbq_kdbo

aZ\bkbfhkl_c ^ey hibkZgby ijhp_kkZ gZl_dZgby \h^hjh^Z \ f_f[jZgghf wdki_jbf_gl_ //

K[hjgbd l_abkh\ ^hdeZ^h\ 8-c F_`^mgZjh^ghc dhgn_j_gpbb «<aZbfh^_ckl\b_ bahlhih\

\h^hjh^Z k dhgkljmdpbhggufb fZl_jbZeZfb» b 17-c F_`^mgZjh^ghc Rdheu fheh^uo mq_guo

b ki_pbZebklh\ bf_gb :.:. Dmj^xfh\Z «<aZbfh^_ckl\b_ bahlhih\ \h^hjh^Z k

dhgkljmdpbhggufb fZl_jbZeZfb» (IHISM-2024). – KZjh\, 2024.

5. K_f_gh\ :.:., Dhaeh\Z ?.<., =hje_\kdbc <.<., R_\_j^y_\ F.K.<u[hj nmgdpbhgZevghc

fZl_fZlbq_kdhc aZ\bkbfhklb ^ey wfibjbq_kdh]h hibkZgby ijhp_kkZ l_jfbq_kdh]h

jZaeh`_gby ]b^jb^Z [_jbeeby // <hijhku Zlhfghc gZmdb b l_ogbdb. K_j.: FZl_jbZeh\_^_gb_ b

gh\u_ fZl_jbZeu. 2023. <uimkd 3 (119). C. 42-64.

6. =ZeZdlbhgh\Z G.:. <h^hjh^ \ f_lZeeZo. F.: F_lZeemj]by, 1967.

7. Nbabq_kdb_ \_ebqbgu. KijZ\hqgbd. Ih^ j_^. B.K. =jb]hjv_\Z b ?.A.F_ceboh\Z. Fhkd\Z,

Wg_j]hZlhfba^Zl, 1991 ], -1232 k.


